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Motivation



The Plan

Think of (→-)cats as presheaves on a dense family of oriented polytopes satisfying a
gluing condition that encodes composition.
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Warmup



What is a category?
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First Main Theorem(s)

A Geometric Presentation for (anti)Oriented Cats: [1, Theorem 1.10.1]

The nerve functor
↭Cat ↑ Fun (!(↫,↭)

op, →Gpd)

is a fully faithful right adjoint and presheaves in its image satisfy two Segal conditions. . .
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First Main Theorem(s)

A Nerve Theorem: [1, Theorem 1.10.3]

The oriented nerve functor

→Cat ↑ Fun (O
op, →Gpd)

is a fully faithful right adjoint and its image consists of presheaves that are local with
respect to

• boundary decomposition
• top-cell decomposition
• globular decomposition
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Sheaves on a Site



What is a site?

Deni Salja “Sheaves on Deformations of Delta” Early 2026 11/46

C a at

A see is a stifunctor S Kc C c

A Groth Topology J is a collection of sieves we call

J covering satisfying some conditions

more sees afar Itk
pb stable

tasitty
I to



Examples

Examples of Topologies

• (open cover) C = Open(X), Jopen generated by open covers:

S ↓ Jopen(U) ↔↗ S contains an open cover: U = {Ui ω↑ U | i ↓ I}

• (Dense/double-neg) C a category, J¬¬ defined by

S ↓ J¬¬(C) ↔↗ ↘ f : B ↑ C, ≃ g : A ↑ B, such that f ⇐ g ↓ S

• (Atomic) C a category, J@ defined by

S ↓ J@(C) ↔↗ S ⇒= ⊋
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What are sheaves?
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Examples

Example

Let C = Open(X) and define Cω
(U) = {f : U ↑ R | f is ε times di!erentiable.}.

This is a sheaf when X is a Cω manifold for 0 ⇑ ε ⇑ →.

Example

Let C be a category, the canonical topology is the largest topology for which all
representables are sheaves.

Example (VI - [2])

Sheaves for the dense topology are used in logic to construct models of set theory that
break stu!
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The associated sheaf functor

Theorem ( III.5.1 - [2])
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Localizations in General



Localizations

Let W be a class of morphisms in a cateory C.

We can always construct the localization C[W →1
]. . .
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Local Objects and Saturated Classes
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Example: Sheaves

Let (C, J) be a site.
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Sheaves that are not Sheaves

but they are



An elementary topos is . . .

a finitely complete and cocomplete cartesian closed category with subobject classifier, ”.

A Lawvere-Tierney topology is. . .

a map j : ” ↑ ” such that
• j ⇐ true = true
• jj = j

• j ⇐ ⇓ = ⇓ ⇐ (j ⇔ j)

where ⇓ : ” ⇔ ” is the meet of Sub(”).
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Examples

Example

Take C = Open(X), then Ĉ is an elementary topos
• ” ↓ Ĉ is defined by

”(U) = {S | sieves on U}

• J ω↑ ” is defined by

J(U) = {S | sieves that cover U}

• j : ” ↑ ” is defined by

jU (S) = {W ↖ U | S ↙ W covers W}
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Closure Operator

A LT-topology j induces a closure operator on subobject lattices. . .
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Sheaves revisited

A j-sheaf in E is a local object for the class of j-dense monomorphisms in E .

Theorem

The category of j-sheaves on E , Shj(E) is a topos with

Shj(E) ω↑ E

a geometric embedding whose left adjoint is called ‘sheafification.’

Theorem

If E ω↑ F is a geometric embedding, then there exists a LT-topology on F such that
E ∝ Shj(F)
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Sketches



Theories

A theory is. . .

a signature, # = (”0, ”1, . . . ), of n-ary operations with a set of equations that encode
the axioms.

A model of a theory . . .

interprets the signature in a category C such that the diagrams determined by the
equations commute.

Lawvere’s category of ‘clones’

allowed him to define theories as categories with products and models as
product-preserving functors (into Set).
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Sketches

A sketch is a tuple (G, D, L, C) where
• G is a graph
• D is a set of diagrams in G

• L is a set of cones
• C is a set of cocones.
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Models of Sketches

A model of a sketch (in Set) is a graph homomorphism

M : G ↑ Set

such that, after applying M

• the diagrams of D commute
• the cones from C become limits
• the cocones from L become colimits
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Categories of Models

• A morphism between models is basically a natural transformation.
• Models of a sketch form a category.
• A category is ‘sketchable’ if it is the category of models of a sketch.
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Examples

Here are some examples
• models of (G,⊋,⊋,⊋). . .
• permutations
• M -sets, for a fixed monoid M

• monoids, groups, abelian groups, rings, etc.
• torsion free abelian groups
• small cats
• sheaves on a site
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Characterizing Presentable/Accessible (→)-categories

Example

Presentable categories are categories of models of limit sketches (Gabriel-Ulmer Duality)

Example

Accessible categories are categories of models of arbitrary sketches (Lair)

Example

Presentable →-categories are →-categories of models of limit sketches (in spaces) [3]

Example

Accessible →-categories are →-categories of models of arbitrary sketches (in spaces) [3]
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Sheaves on !



What is !?

As a Category, ! ω↑ →Cat
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What is !?

As a Construction. . .
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Dense Subcategories of →Cat

Def/Thm

i : C ω↑ D is dense if the induced nerve functor D D̂ Ĉ
ち î is fully faithful.

Su!cient Condition for Density - Campion

If D ω↑ →Cat is closed under retracts and it contains !, then D is dense in →Cat.

Lemma

If C ω↑ →Cat is dense and C ω↑ K(D), then D is dense.
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ち î is fully faithful.

Su!cient Condition for Density - Campion

If D ω↑ →Cat is closed under retracts and it contains !, then D is dense in →Cat.

Lemma

If C ω↑ →Cat is dense and C ω↑ K(D), then D is dense.

Deni Salja “Sheaves on Deformations of Delta” Early 2026 35/46

O O

For the proof of there s



Outline of proof of some main theorems in the paper

Lemma

! ω↑ →Cat is dense

Lemma: !’s are retracts of oriented simplices are retracts of oriented cubes

There are inclusions into idempotent completions

! ω↑ K(′) ′ ω↑ K(↫)

the left one implies ′ is dense, the right one then implies ↫ is dense.
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Outline of proof of some main theorems in the paper

Why density?

K(C) is the full subcat of retracts of representables so C embeds fully and faithfully into
K(C):

C K(C) Ĉ

ち

If D is Cauchy complete (as a Set-enriched cat) then D-valued presheaves on C coincide
with D-valued presheaves on K(C):
https://ncatlab.org/toddtrimble/published/Karoubi+envelope

Deni Salja “Sheaves on Deformations of Delta” Early 2026 37/46

https://ncatlab.org/toddtrimble/published/Karoubi+envelope


Characterizing the image of the nerve

Theorem 2.8.8 -

If V ω↑ W is a small dense full monoidal subcategory, then !(V) ω↑ VCat is dense in
WCat and the essential image of the !(V)-nerve consists of all presheaves that satisfy the
Segal condition and all morphism presheaves are in the essential image of the W-nerve
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Geometric Presentation of

(anti)Oriented Cats



First Main Theorem

A Geometric Presentation for (anti)Oriented Cats: [1, Theorem 1.10.1]

The nerve functors
↭Cat ↑ Fun (!(↫,↭)

op, →Gpd)

Cat↭↑ Fun
(
!(↫,↭)

op, →Gpd
)

→Cat ↑ Fun (!(↫, ⇔)
op, →Gpd)

are fully faithful right adjoints and their images consist of the presheaves satisfying two
Segal conditions.
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• ↭Cat is the category of ‘oriented categories,’ i.e. the category of
(→Cat,↭)-enriched cateogries

• !(↫,↭)
op is the ! construction of (↫,↭)

• For any (s, t) ↓ F (∞), the morphism presheaf from s to t is given by

↫op
→Gpd/F (↑)↓F (↑) →Gpd

F ↔!

LMorF (s,t)

ε
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The Segal Condition

For all k, n1, . . . , nk ↓ N,

F (
∨

i #(↫ni)) F (#(↫n0)) ⇔F ↑ F (#(↫n1)) ⇔F ↑ · · · ⇔F ↑ F (#(↫nk))
↗

is a weak equivalence.
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The Local Segal Condition

For any (s, t) ↓ F (∞), the presheaf LMorF (s, t) is local with respect to

• the boundary decomposition:

coeq




∐

1↘i<j↘n

4 ⇔ N(↫n→2
)↬

∐

0↘i↘n

2 ⇔ N(↫n→1
)



 ↑ N(ϑ↫n
)

• the top cell decomposition:

N(
n
)

∐

ϑN( n)
N(ϑ↫n

) ↑ N(↫n
)
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The Local Segal Condition

• the globular decomposition:


N(
i0)

∐

N( j1 )
N(

i1)

∐

N( j2 )
· · ·

∐

N( jn )
N(

in)



 ↑ N



 i0
∐

j1

i1
∐

j2

· · ·

∐

jn

in




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