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Motivation



The Plan

Think of (oco-)cats as presheaves on a dense family of oriented polytopes satisfying a
gluing condition that encodes composition.




Warmup



What is a category?
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First Main Theorem(s)

A Geometric Presentation for (anti)Oriented Cats: |1, Theorem 1.10.1]

f—‘-~\‘l—-

The nerve functor L7
XCat — Fun (O(, X)°P, coGpd)

is a fully faithful right adjoint and presheaves in its image satisfy two Segal conditions. . .
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First Main Theorem(s)

A Nerve Theorem: [1, Theorem 1.10.3]

. L
The oriented nerve functor |f_\
coCat — Fun (O°P. coGpd)
-
is a fully faithful right adjoint and its image consists of presheaves that are local with
respect to =

-
® boundary decomposition

® top-cell decomposition

® globular decomposition

—



Sheaves on a Site



What is a site?
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Examples

Examples of Topologies

® (open cover) C = Open(X), Jopen generated by open covers:

S € Jopen(U) <= S contains an open cover: U ={U; — U | i € I}
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Examples

Examples of Topologies

® (open cover) C = Open(X), Jopen generated by open covers:

S € Jopen(U) <= S contains an open cover: U ={U; — U | i € I}
.
® (Dense/double-neg) C a category, J-— defined by S — X«
£ o
SeJ - (C) <= Vf:B—>Cdg:A— B, suchthat foge S



Examples

Examples of Topologies

® (open cover) C = Open(X), Jopen generated by open covers:

S € Jopen(U) <= S contains an open cover: U ={U; — U | i € I}
® (Dense/double-neg) C a category, J-— defined by
SeJ - (C) <= Vf:B—>Cdg:A— B, suchthat foge S
® (Atomic) C a category, Ja defined by

SeJa(C) = S+



What are sheaves?
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Examples

Let C = Open(X) and define C*(U) ={f : U — R | f is a times differentiable.}.
This is a sheaf when X is a C% manifold for 0 < a < 0.
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Examples

Let C = Open(X) and define C*(U) ={f : U — R | f is a times differentiable.}.
This is a sheaf when X is a C% manifold for 0 < a < 0.

te ﬁ‘“

Let C be a category, the canonical topology is the largest topology for which all
representables are sheaves.
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Examples

Example

Let C = Open(X) and define C*(U) ={f : U — R | f is a times differentiable.}.
This is a sheaf when X is a C% manifold for 0 < a < 0.

Example

Let C be a category, the canonical topology is the largest topology for which all
representables are sheaves.

Example (VI - [2])

Sheaves for the dense topology are used in logic to construct models of set theory that
break stuff
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The associated sheaf functor

Theorem ( II1.5.1 - [2])
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Localizations in General



Localizations

Let W be a class of morphisms in a cateory C.

We can always construct the localization C[W™1]. ..




Local Objects and Saturated Classes ; ©=C, £ (0)
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Example: Sheaves
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Sheaves that are not Sheaves

Yok A{a e ...



An elementary topos is ...

a finitely complete and cocomplete cartesian closed category with Subobject classifier, (2.
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An elementary topos is ...

a finitely complete and cocomplete cartesian closed category with subobject classifier, (2.

A Lawvere-Tierney topology is. ..
amap j: € — € suchthat —™ My=s vt o Ll oA ’W&DS ‘ﬁf‘fg 'w’l15m<_

/ U

® jotrue = true F .
®J3=7J
® joA=Ao(jxJ)

where A : ) x Q is the meet of Sub({2). Ll




Examples

Take C = Open(X), then C is an elementary topos

e () € Cis defined by
Q(U) =4S | sieveson U}

o J — Q) is defined by

J(U) ={S | sieves that cover U}
® 5:0 — Q is defined by

Ju(S)={W CU | SNW covers W}

“Sheaves on Deformations of Delta”



Closure Operator

A LT-topology 5 induces a closure operator on subobject lattices. ..




Sheaves revisited

A j-sheaf in £ is a local object for the class of j-dense monomorphisms in £.

Theorem
The category of j-sheaves on £, Sh;(£€) is a topos with

Shi(E) = €

"”Fmﬁm whose left adjoint is called ‘sheafification.’
A\

If £ — F|is a geometric embedding, then there exists a LT-topology on F such that



Sketches



Theories

orochet® oY of'$-

a signature, 3 = (€, 21, ...), of n-ary operations with a set of equations that encode
the axioms.



Theories

A theory is. ..

a signature, 3 = (€, 21, ...), of n-ary operations with a set of equations that encode
the axioms.

A model of a theory ...

interprets the signature in a category C such that the diagrams determined by the
equations commute.



Theories

A theory is. ..

a signature, 3 = (€, 21, ...), of n-ary operations with a set of equations that encode
the axioms.

A model of a theory ...

interprets the signature in a category C such that the diagrams determined by the
equations commute.

Lawvere’s category of ‘clones’

allowed him to define theories as categories with products and models as
product-preserving functors (into Set).



Sketches

A sketch is a tuple (G, D, L,C) where
® G is a graph ]“ | Y
® D is a set of diagrams in G
® [ is a set of cones

® (C is a set of cocones.



Models of Sketches

A model of a sketch (in Set) is a graph homomorphism

M : G — Set
such that, after applying M
® the diagrams of D commute ,
o~ . N core
® the cones from € become limits M‘< CW\ A h iokh
® the cocones from g become colimits Q-L( c:cou\ o e - o

C



Categories of Models

® A morphism between models is basically a natural transformation.
® Models of a sketch form a category.

® A category is ‘sketchable’ if it is the category of models of a sketch.



Examples

Here are some examples

models of (G, 9,9, D). .. 7
permutations

M -sets, for a fixed monoid M

monoids, groups, abelian groups, rings, etc.
torsion free abelian groups

_
small cats 7,

sheaves on a site ~#
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Characterizing Presentable/Accessible (co)-categories

Presentable categories are categories of models of limit sketches (Gabriel-Ulmer Duality)
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Characterizing Presentable/Accessible (co)-categories

Example

Presentable categories are categories of models of limit sketches (Gabriel-Ulmer Duality)

Accessible categories are categories of models of arbitrary sketches (Lair)
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Characterizing Presentable/Accessible (co)-categories

Example

Presentable categories are categories of models of limit sketches (Gabriel-Ulmer Duality)

Example

Accessible categories are categories of models of arbitrary sketches (Lair)

Example

Presentable co-categories are oo-categories of models of limit sketches (in spaces) [3]
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Characterizing Presentable/Accessible (co)-categories

Presentable categories are categories of models of limit sketches (Gabriel-Ulmer Duality)

Accessible categories are categories of models of arbitrary sketches (Lair)

Presentable co-categories are oo-categories of models of limit sketches (in spaces) [3]

Accessible co-categories are co-categories of models of arbitrary sketches (in spaces) [3]
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Sheaves on ©



What is ©7

As a Category, © — ocoCat
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What is ©7
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Dense Subcategories of coCat

Def/Thm

i : C < D is dense if the induced nerve functor D —=— D _ C is fully faithful.



Dense Subcategories of coCat

Def/Thm

i : C < D is dense if the induced nerve functor D —=— D _ C is fully faithful.

Sufficient Condition for Density - Campion

If D < ocoCat is closed under retracts and it contains ©, then D is dense in coCat.



Dense Subcategories of coCat

Def/Thm

i : C < D is dense if the induced nerve functor D —=— D _ C is fully faithful.

Sufficient Condition for Density - Campion

If D < ocoCat is closed under retracts and it contains ©, then D is dense in coCat.

Lemma

If C — ocoCat is dense and C «— K(@ then@s dense.

Cge ae oot & Rearems )



Outline of proof of some main theorems in the paper

Lemma

O — ooCat is dense

Lemma: ©’s are retracts of oriented simplices are retracts of oriented cubes

here are inclusions into idempotent completions )
P P o A m@mécr‘\"d"( :

O — K(A) N — K(O) A~ el




Outline of proof of some main theorems in the paper

K (C) is the full subcat of retracts of representables so C embeds fully and faithfully into
K(C):

X

/\

C— K(C) ——>C

If D is Cauchy complete (as a Set-enriched cat) then D-valued presheaves on C coincide
with D-valued presheaves on K (C):
https://ncatlab.org/toddtrimble/published/Karoubi+envelope


https://ncatlab.org/toddtrimble/published/Karoubi+envelope

Characterizing the image of the nerve

Theorem 2.8.8 -

If V < W is a small dense full monoidal subcategory, then ©()V) — ,Cat is dense in
wCat and the essential image of the ©())-nerve consists of all presheaves that satisfy the

Segal condition and all morphism presheaves are in the essential image of the VW-nerve
e o




Geometric Presentation of
(anti)Oriented Cats



First Main Theorem

A Geometric Presentation for (anti)Oriented Cats: [1, Theorem 1.10.1]
The nerve functors </ N he V=(T,®D

[ XCat/~ Fun (6(J, X)°P, coGpd) I
CatX — Fun (©(0,X)°P, 0coGpd)
ooCat — Fun (©(O, x)°P, coGpd)

are fully faithful right adjoints and their images consist of the presheaves satisfying two
Segal conditions.



e XICat is the category of ‘oriented categories,’ i.e. the category of
(coCat, X)-enriched cateogries

e O(,X)°P is the © construction of ([, X))
® For any (s,t) € F(x), the morphism presheaf from s to t is given by

LMor(s,t)

T

[]oP ﬂ) OOGpd/F(*)xF(*) —T OOGpd



The Segal Condition

For all k,nq,...,n; € N,
F(V; 2(0%) —— F(3(0%)) xps F(E(E™)) Xpo -+ X o F(S(E™))

— -
is a weak equivalence. O S \a SNV radAson

EVY

Xo(\-\-L Xol.,_ D— LX"Y\
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The Local Segal Condition

For any (s,t) € F'(x), the presheaf LMorg(s,t) is local with respect to



The Local Segal Condition

For any (s,t) € F'(x), the presheaf LMorg(s,t) is local with respect to

® the boundary decomposition:

coeq IT 4xN@O" )=
1<i<i<n

0<i<n

[ 2 x N(Dnl)) — N(0O")



The Local Segal Condition

For any (s,t) € F'(x), the presheaf LMorg(s,t) is local with respect to

® the boundary decomposition:

coeq IT 4xN@O" = ] 2xNOYH | = NGO
1<i<i<n

0<i<n
® the top cell decomposition:

ND" ] N©O™) — N@O)
ON(D™)



The Local Segal Condition

® the globular decomposition:

( ND*) [T NO©Y T - ]I N(]Di")>%N(]D“H]D“H---H]Di")

]]331) N(]DJQ) N(]Djn) DJ1 DI2 Din
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